We study a pathogen infection model with immune impairment. The infected-susceptible and pathogen-susceptible incidence rates are given by Holling type-II. The existence and global stability of the equilibria are determined by the basic reproduction number. The global stability of the two equilibria are proven using Lyapunov method. We conduct numerical simulations to support the theoretical results.
Introduction
During the recent decades mathematical models have been used to understand within-host human pathogen dynamics. The basic and pioneering model describing the pathogen dynamics is due Nowak and Bangham [1] . Antibodies and Cytotoxic T Lymphocyte (CTL) cells play a prominent role in controlling the pathogen infection. In the literature, several pathogen dynamics models with immune response have been proposed. These models have integrated (i) Cytotoxic T Lymphocyte (CTL) immune response [2] - [8] , (ii) antibody immune response [9] - [15] , and (iii) adaptive immune response which considers both antibodies and CTL cells [16] - [20] .
These models assumed that the infection occurs due to pathogen-susceptible incidence. However, it has been reported in [21] - [25] , that the infection can also be occurred due to infected-susceptible incidence.
It has been found in [26] that during the pathogen infection the pathogen causes an impairment in the CTL job. Pathogen dynamics models with CTL immune impairment have been studied in many papers (see e.g. [27] - [30] ). In papers [27] - [30] , only pathogen-to-susceptible transmission has been considered. Recently, Elaiw et al. [31] have investigated the global stability of pathogen dynamics models with immune impairment and with both cellular and pathogenic infections. In [31] , the incidence rate of infection is given by bilinear and saturation. To the best of our knowledge, the effect of Holling type-II functional response on pathogen dynamics model with immune impairment and two routes of infection has not been studied before.
In this paper we propose and analyze the following pathogen dynamics model with immune impairment and two transmission routes. The infected-susceptible and pathogen-susceptible incidence rates are given by Holling type-II:
where s, y, p and x are the concentrations of susceptible cells, infected cells, pathogens and CTL cells, respectively. Parameters ξ and η are the production and death rate constants of the susceptible cells, respectively. The infected-susceptible and pathogen-susceptible infection rate is given by Holling type-II , respectively. Parameters β, ϑ and δ are the death rate constants of the infected cells, pathogens and CTL cells, respectively. The term µyx represents the clearance rate of infected cells by CTL. The CTL are proliferated at rate ϕy. The term yx represents the CTL immune impairment.
Properties of the solution
We define
where n i , i = 1, 2, 3 are positive constants. Lemma 1. The compact set Ω is positively invariant for system (1)-(4).
The proof. We havė
x. Theṅ
where, σ = min{η,
x(0) ≤ n 1 , where n 2 = 2φξ βσ and n 3 = 4ϕξ βσ . Lemma 2. There exists a threshold parameter R 0 > 0 such that (i) if R 0 ≤ 1, then there exists only one equilibrium Λ 0 , and (ii) if R 0 > 1, then there exist two equilibria Λ 0 and Λ 1 . The proof Let (s, y, p, x) be any equilibrium satisfying
From Eqs. (8)- (9) we get
Substituting in Eqs. (6)- (7) we get
From Eq. (11) we have (i) if y = 0, then from Eq. (10) we obtain disease-free equilibrium Λ 0 = (s 0 , 0, 0, 0), where s 0 = ξ η .
(ii) if y = 0, then
Let us define a function H 1 (y) as:
where
Then, we get
which represents the basic reproduction number. It follows that if R 0 > 1, then H(0) < 0. The positive solution of K(y) = 0 is given by
Hence, there exists a y 1 ∈ (0, y c ) such that H 1 (y 1 ) = 0. From Eq. (10) we get
Let y = y 1 and p = p 1 in Eq. (6) we get
Define a function H 2 (s) as:
Global stability
We define g( ) = − 1 − ln . Theorem 1. For system (1)- (4), if R 0 < 1, then Λ 0 is globally asymptotically stable (GAS).
The proof. Let R 0 < 1 and constructing a function L 0 (s, y, p, x) as:
Calculating dL 0 dt along the system (1)-(4), we get
≤ 0 for all s, y, p, x > 0 and dL 0 dt = 0 at Λ 0 . Using LaSalle's invariance principle, we obtain Λ 0 is GAS. Theorem 2. If R 0 > 1, then Λ 1 is GAS.
The proof. We construct a function L 1 (s, y, p, x) as:
along the trajectories of (1)- (4), we get 
Simplifying Eq. (12) and applying the following conditions for Λ 1 : 
Eq. (13) can be simplified as:
We have
Thus, 
Numerical simulations
We solve system (1)- (4) Figure 1 we can see that for all IV1-IV3, all the solutions tends to the equilibrium Λ 0 (1300, 0, 0, 0). This means that Λ 0 is GAS and the results of Theorem 1 is valid.
(ii) c 1 = 0.05 then, R 0 = 1.7395 > 1. Lemma 2 shows that the system has two equilibria Λ 0 and Λ 1 . Figure 1 shows that the numerical results confirm theoretical results of Theorem 2. The solutions of the system converge to the equilibrium Λ 1 = (108.0151, 49.3938, 91.9817, 0.1851) for all IV1-IV3.
Case (2) Effect of the Holling infection on the pathogen dynamics:
In this case, we choose c 1 = 0.05 and γ is varied. We consider the following initial condition IV4: s(0) = 600, y(0) = 20, p(0) = 35, x(0) = 0.1. In Table 1 , we observe the value of R 0 is increased as γ decreased which mean the solution of system will converge to Λ 0 for large values of γ and they converge to Λ 1 if the values γ are small. In Figure 2 we show that the numerical results are also compatible with results of Theorem 2. 
